An aeroelastic stability analysis is presented for high-aspect ratio composite wings. The structural model is based on an asymptotically correct crosssectional formulation and a nonlinear geometric exact beam analysis, both derivable from 3-D elasticity. A new 2-D unsteady inflow finite-state theory is considered for the aerodynamic part of the solution. Theodorsen theory is also implemented and used for most of the preliminary tests. The paper discusses, among other things, the importance of using the right stiffness formulation in order to model material couplings, the variations of divergence and flutter speeds with the changes in the lamination angle of a box-beam model of a wing cross section, and some of the effects of a nonlinear structural model on the aeroelastic stability of a slender wing.
Introduction
Aeroelastic stability is an important factor in the design of modern flexible-wing aircraft. The increasing use of composite materials in the main structural components opens a wide range of options for the designer. The tailoring characteristics not only improve the structural performance, thus reducing the final structural weight, but allow for possible material couplings. Both static and dynamic aeroelastic stability can be altered by those couplings. Thus, an analysis tool is needed to accurately model the composite structure and still be computationally efficient enough to be used in preliminary design. Moreover, the increasing interest in using active controls to change the stability characteristics of the system indicates that a finite-state formulation for Ref. 1 presents a historical background of aeroelastic tailoring and the theory underlying the technology. The paper provides a good definition and historical evolution of codes and the activities of various research groups. In many studies, the structural deformation model used is that of a beam-like wing, since tailoring focuses on bend-twist deformation coupling. Restraining the freedom of the chordwise bending mode can result in substantially different natural frequencies and mode shapes for highly coupled laminates. The prudence of retaining rigid-body modes in flutter analysis during design iterations was pointed out.
In Ref. 2 , static aeroelastic problems such as spanwise lift redistribution, lift effectiveness, and aileron effectiveness are discussed. Two theoretical models are commonly used: (1) laminated plate theory with elementary strip theory airloads and (2) a more general representation of the laminated wing structural, in matrix form, with a discrete-element aerodynamics (Weissinger L method). In the latter case the box beam is characterized by bending stiffness EI, torsional stiffness GJ, and bending-twist coupling K. These are derived from classical plate theory applied to the top and bottom flanges. The example wing has a layup of some plies of 0
• , some of 45 • , some of −45
• , and some with a variable angle θ. It also discusses the concept of "aeroisoclinic" as the flexible wing deforms in such a way that the spanwise center of pressure does not move, nor is the wing lift-curve slope changed from its rigidwing value. The author concludes that "tailoring involving bending-torsion coupling is seen to be effective for high-aspect-ratio wings as well as low-aspect-ratio wings. However, more severe design requirements may negate this effectiveness if the span is too large."
Ref. 3 investigates critical flutter and divergence velocities for a swept wing as influenced by the bendingtorsion stiffness coupling of a composite cantilever wing. It assumes a plate-beam model without chordwise deformation, where stiffness from spars, ribs, webs could be added algebraically to those of the plate. Coupling terms (denoted by d 22 and d 26 ), due to the offset between the rotation axis and the reference axes, were considered. Also, there is the presence of a coupling term (S) associated with torsional stiffness due to rigidity in tension (warping effect). The aerodynamics was based on strip theory ("noting that the inaccuracy increases as the sweep angles of the wing increases"). The main effect of including the d 22 , d 26 , and S terms is the increase in the frequency of the torsion mode (due to the warping effect). The flutter speed for Goland's wing is almost twice the one originally calculated, while the opposite trend was observed for divergence. Passive stability enhancement by aeroelastic tailoring of the ratio K EI involves a compromise, since maximizing divergence speed tends to minimize flutter speed and vice versa.
Ref. 4 concentrates in the aeroelastic problem of transport aircraft with aft swept wings. The solution of the aeroelastic problem is based on the "integrating matrix technique," and the structural model is based on Classical Plate Theory, which contains information about compliances required for bending, torsion, and extension of an equivalent beam. The aerodynamics is derived from a modified strip theory based on Jones' approximation of the Theodorsen function. For the numerical tests, the author considers both symmetric (bending-twist) and antisymmetric (extension-twist) plate layups. Among the main conclusions, "extensiontorsion coupling (
) caused some degradation of the flutter boundary; extension-bending coupling was not as damaging as the extension-torsion. When both were present, the performance of the wing was degraded to that of the symmetric reference laminate." But due to the way the structural model was defined, the author concluded that "it was possible to show the results only for a limited number of laminates, and more investigation would be necessary."
Ref. 5 shows another historical background and techniques involving composite materials for aeroelastic analysis and design. One of the most interesting points made by the author is related to the different techniques used in the literature to reduce the structural model from the laminated plate to an equivalent beam. As shown there, the results are quite different for the different structural models and care should be taken when modeling a wing.
Ref. 6 tries to incorporate restrained warping effects in the analysis of static aeroelasticity. The structural model is still a simplified plate-beam with all its bending and torsional stiffness derived from the laminate composite upper and lower skins. The Laplace method is used to solve exactly the static equations. As concluded by the authors, "However, the ab initio prediction of the character (beneficial or detrimental) of the warping inhibition effect as a function of the given composite cantilevered structure constitutes, nevertheless, a task that, in spite of its importance, could not be clarified within this study."
Ref. 7 continues the work of the first author where the effects of restrained warping, transverse shear effects, and sweep angle are studied in the presence of a more sophisticated structural model. This work uses a thin-walled beam model based on the following premises: i) cross sections do not deform in their own planes; ii) transverse shear measures are included; iii) the warping restraint effect is taken into account through the non-uniform torsion (constrained torsion); iv) the primary warping is associated with uniformtorsion only; and v) the secondary warping is based on the work of Ref. 8 . Some numerical results for divergence of a box beam as function of sweep angle, ply angle, and the presence or absence of transverse shear effects and restrained torsional warping are presented. In this paper we attempt to reproduce some of the results of Ref. 7 to illustrate the importance of careful structural modeling.
Refs. 9 and 10 are based on a shear deformable plate-beam model with chordwise non-deformability. The flutter solution is sought in closed form and this limits the applicability to general configurations. Basically no results were presented. Ref. 11 further explores the solution and checks for the flutter instability of both straight and swept wing aircraft. Still, the simplified shear deformable plate-beam model with chordwise non-deformability is used as the structural model and the Theodorsen's functions for aerodynamics. A parameter included in the formulation allows one to trigger whether the warping inhibition is incorporated or discarded in the analysis. The main conclusion is that ". . . transverse shear flexibility has, in general, a deleterious effect on the aeroelastic response."
To put this work in perspective, concerning structural modeling, many improvements have occurred during the past several years. Starting from the crude 2 American Institute of Aeronautics and Astronautics isotropic Euler-Bernoulli beam approach, the representation of composite wings improved to box-beam modeling and full finite element discretization of the wing. Unfortunately, even though very powerful, the full finite element method is still too expensive to be coupled with other disciplines with a similar level of details in the preliminary design phase. Therefore, a reduced approach (plate or beam) should be used and the total number of states kept as low as possible. Regardless the kind of modeling used, it has to take into account the complex geometry and material distribution of a lifting surface. The most popular method of composite wing modeling found in the literature is the plate-beam approach, where upper and lower flanges of the wing box are modeled as laminated composite plates. Then, those plates are reduced to beams that are usually characterized by three parameters: EI, GJ, and K, corresponding to the beam bending stiffness, torsional stiffness, and the bending-torsion coupling stiffness. Unfortunately, this reduction is sometimes done improperly, and final results may vary quite significantly among the processes.
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This approach, even though very efficient, lacks the inclusion of other kind of couplings that might be present due to changes in the material distribution. Moreover, it is seldom representative of the shape and material distribution for an actual wing.
From the subsonic aerodynamics point of view, elementary strip theory is still in use. That is basically due to its simplicity and closed-form expressions for the airloads. Also found is the Doublet Lattice method, as used in NASTRAN, 12 for example. More detailed formulations, like the three-dimensional unsteady Euler/Navier-Stokes equations, are still too expensive for preliminary design. As an example, the NavierStokes version of ENSAERO 13 for "a typical dynamic aeroelastic response . . . requires about 4 CPU hours and 8 million words of central memory" on the 380 MFLOPS CRAY C90 at Ames Research Center.
Present Approach
This paper will address several closely related aspects of composite wing aeroelasticity. First, using recently developed tools 14, 15, 16 it is now possible to rigorously collapse a three-dimensional (3-D) built-up structural model to either one-(1-D) or two-dimensional (2-D) models. Since at least the trends of all phenomena known to be significant in wings of moderate to high aspect ratio can be represented in terms of 1-D models (i.e., refined beam theory), the geometrically-exact intrinsic beam theory is used, along with the corresponding asymptotically correct cross-sectional analysis. This will allow for rigorous treatment of drag effects, steadystate elastic twist, sweep, etc., in a model that requires very few degrees of freedom relative to a 2-D or 3-D model. It is noted that the present structural model has been thoroughly validated for many different types of cross sections. This approach, in spite of its simplicity, is very faithful to 3-D elasticity for the global response of the structure.
Theodorsen's theory has been widely used to get the unsteady aerodynamic forces and moments. But the theory is restricted to harmonic motion and thus cannot give the damping for cases other than flutter. It is used only to get the flutter/divergence trends for various kinds of structural coupling. To get a model which is simple yet accurate and gives an aerodynamic representation that is amenable to state-space analysis, a recently developed 2-D finite-state aerodynamic model 17 is used. This kind of simulation could later be used to design control systems or analyze an aeroservoelastic problem.
Structural Model
During the last seven years, a comprehensive beam modeling framework has been developed by the first two authors and others. 14,18,19,15,20,,16 With the modeling power of the finite element method, it takes a two-step approach and, therefore, facilitates the keeping of a very small number of states. It is based on 3-D elasticity and is capable of modeling complex cross-sectional geometries (solid, built-up, or thin-walled; open or closed; airfoil shaped if necessary), including all possible couplings and deformation. The resulting beam equations are geometrically exact (and therefore nonlinear). Asymptotically correct 3-D strain/stress can be recovered at any point within the structure. It has been successfully applied to rotary-wing static and dynamic aeroelastic stability problems.
The mixed variational formulation for dynamics of moving beams 14 is applied here. A global frame a is fixed to the aircraft body and the formulation is developed in this frame. The undeformed wing crosssectional reference frame is denoted by b, whereas B denotes the deformed wing cross-sectional frame. The expressions for strain and kinetic energies as well as their variations can be derived. Using these expressions in Eq. (24) 
where u a , v a , ω a are column matrices that contain the displacement, initial velocity, and initial angular velocity measures in frame a and C ab , C Ba are the transformation matrices.
Each term in Eq. (1) is transformed to frame a. The main purpose of the transformation is increasing the versatility without destroying the compactness of the variational formulation. In the transformation, all the virtual quantities are depend only on Rodrigues parameters (θ) measured in frame a at the point of interest.
14 Now the rotation matrix C is defined as C ab C Ba and expressed in terms of θ as
With the transformation we can express displacement and velocity components in a which are independent of beam geometry and deformation, and still express internal force and momentum components in B which allows to use the simplest form of constitutive laws. Thus we get the global frame version of the mixed variational formulation as
where 
where S is the cross-sectional stiffness matrix that can be generally obtained by the analysis of Ref. 22 . That takes into account the material distribution and actual geometry for an initially curved and twisted beam. For thin-walled, closed cross sections, the simple yet asymptotically correct theory of Ref. 16 may be used.
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The above equations represent a fully nonlinear model for initially curved and twisted anisotropic beams. Its main features include geometrical exactness and mathematical elegance.
14 Written in the above form, it expresses the variation of the energy terms with components in the global frame even though the stress and strain fields are still in the local beam frame; thus, the unknowns can be measured in a very convenient way.
Aerodynamic Model
A 2-D finite-state inflow model was developed by Peters et al. 17 that is derived from first principles. As shown in Ref. 17, this method gives excellent correlation with Theodorsen and Wagner functions with few inflow states.
The non-dimensional lift (L =
where λ a denotes the inflow and w n 's are the coefficients of the total downwash expansion.
The total downwash on a airfoil is completely determined by the non-penetration boundary condition. For small airfoil deformation y(x, t) (the airfoil lies on −1 < x < +1), one gets
The total downwash is expanded in terms of the velocity potentials given in Ref. 17 . The inflow (λ a ) is represented in terms of N states λ 1 , λ 2 , . . ., λ N as
where the b n are found by least square method, and the λ n are obtained by solving a set of N first-order differential equations
Aeroelastic system of equations
Due to the formulation's weakest form, the simplest shape functions can be used.
14 Thus,
With these shape functions, the spatial integration in Eq. (8) can be performed explicitly to give a set of nonlinear equations as described in Ref. 23 . These equations can be separated into structural (F S ) and aerodynamic (F L ) terms and written as
where X is the column matrix of structural variables and Y is a column matrix of inflow states. Similarly we can separate the inflow equations into an inflow component (F I ) and a downwash component (F W ) as
Solution Process
The solutions of interest for the two coupled sets of equations (Eqs. 18 and 19) can be expressed in the form
where (¯) denotes steady-state solution and (ˇ) denotes the small perturbation on it.
For the steady-state solution one getsȲ identically equal to zero (from Eq. 19). Thus, one has to solve a set of nonlinear equations given by
The Jacobian matrix of the above set of nonlinear equations can be obtained analytically and is found to be very sparse. 23 The steady-state solution can be found 5 American Institute of Aeronautics and Astronautics very efficiently using Newton-Raphson method. Once a steady-state solution is obtained, one can either do a static stability (divergence) analysis or a dynamic stability (flutter) analysis about the steady state.
To get the divergence solution, Eq. 21 is transformed into an eigenvalue problem, the eigenvalues of which give the divergence dynamic pressure:
where q div is the divergence dynamic pressure and both the Jacobian matrices are obtained at the calculated steady state.
By perturbing Eqs. 18 and 19 about the calculated steady state using Eq. 20, the transient solution is obtained from
Now assuming the dynamic modes to be of the form e st , the above equations can be solved as an eigenvalue problem to get the modal damping, frequency and mode shape of the various modes. Thus one can get the stability condition of the aeroelastic system at various operating conditions (steady states).
Numerical Results
In what follows, different aspects of the aeroelastic stability of a high-aspect ratio wing model are discussed. Among them, the importance of using the right stiffness formulation in order to model material couplings, the variations of divergence and flutter speeds with the changes in the lamination angle of a box-beam model of a wing cross section, and some of the effects of a nonlinear structural model in the aeroelastic stability of a slender wing.
A modular computer code has been developed which is a direct implementation of the aforementioned structural and aerodynamic theories. For its validation, a simplified code was written that implements a linearized beam model (solution based on the RayleighRitz method) and 2-D Theodorsen's unsteady aerodynamic formulation (strip theory). Solutions from this are also used in some of the studies presented, allowing us to compare our results with published ones.
Static Aeroelastic Tailoring
Given a geometry and material distribution for the wing cross section, the aeroelastician must have at hand consistent stiffness constants to be used in the beam analysis. Up to now, few asymptotically correct crosssectional analysis formulations are available. Among them, the most general formulation has been implemented in VABS, 24 a finite-element based computer code that handles arbitrary geometry, composite materials, and effects such as initial twist and curvature at the cross-sectional level. For thin-walled single-cell composite beams, the work of Ref. 16 is a good alternative. Both are used in this work. Even though not asymptotically correct, the work of Ref. 25 is also used in this paper as a simple way to get approximate transverse shear stiffness constants analytically. As a first configuration test, the wing used in Ref. 7 is considered for the present numerical study. The wing is prismatic, and the planform is shown in Fig. 1 . The structural model is a box beam made of Graphite/Epoxy (properties described in Fig. 1 ) and the ply angle can be varied from −90
• to 90
• , depending on the configuration of the cross section (Fig. 2) . The sweep angle Λ is allowed to vary. The linear code is used for this study in order to allow a direct comparison with the results presented in Ref. Fig. 3 shows the variation of divergence dynamic pressure with ply angle for a circumferentially uniform stiffness (CUS) configuration, including different values of the sweep angle Λ. The CUS configuration produces extension-twist coupling and the fiber orientation in the cross section is represented in Fig. 2 (left) . When the authors of Ref. 7 studied this configuration, they were interested in the effects of transverse shear in the divergence speed. The symbols showed in Fig. 3 are samples of their numerical results without the inclusion of transverse shear. As discussed in Ref. 19 , there are basically two ways to get a 4 × 4 stiffness model from a 6 × 6 stiffness formulation for the anisotropic beam. The first is achieved by just neglecting the transverse shear effects all together from the stiffness matrix. This does not lead to a correct 4 × 4 matrix, over-estimating some of the stiffness constants (see dotted lines in Fig. 3 ). The second approach is the consistent one, done by minimization of the strain energy with respect to the transverse shear measures (solid lines in Fig. 3) . By doing so, the important contribution of the coupling terms between transverse shear and the classical measures are correctly accounted for. This result can be directly achieved by using an asymptotically correct classical formulation, as done in Refs. 16 and 24. For this particular example, the 6×6 cross-sectional stiffness constants were obtained by using Ref. 25 . Even though not described in Ref. 7 , the results suggest that the authors used the first method of disregarding transverse shear effects. As one can see from Fig. 3 , when the bending stiffness starts dominating the behavior of the wing (large sweep angles and 15
• ≤ θ ≤ 60 • ), even the qualitative behavior changes from the two stiffness models. The missing effects that are totally associated with transverse shear • ply angle)
Flutter Tailoring
Again here linear structural theory is used to calculate flutter speeds. Also, strip theory is used to extrapolate the 2-D unsteady Theodorsen's theory to a finite wing. Artificial damping is added and a flutter determinant is created. The V-g method is used to get the flutter speed.
For lack of published flutter results for composite box beams, the code is validated by comparing the flutter speed of Goland's typical wing.
26 Fig. 4 shows the V-g plot obtained for this case. The flutter and divergence point can be easily spotted. The present theory gives a flutter speed of 445 fps as compared to the exact flutter speed of 450 fps, and the flutter frequencies are, respectively, 70 rad/s and 70.7 rad/s (both with 1.0% relative error). Now for the composite box beam wing, consider the variation of the divergence and flutter speeds with ply angle for a circumferentially asymmetric stiffness (CAS) configuration. The CAS configuration produces vertical bending-twist coupling, the fiber orientation in the cross section is represented in Fig. 2 (right) . As for divergence, positive ply angles produce a favorable bendingtwist coupling, leading to a very high divergence speed, whereas a negative ply angle shows lower divergence speed (see Fig. 5 ). The flutter results are more interesting and thought provoking. Flutter involves dynamic interaction of various modes. Also, the normal modes of vibration of the composite beam change with ply angle, thus leading to a change in the flutter mode shape. In Fig. 5 , only the lowest flutter speed is represented. The plot is not smooth due to the changes of the lowest flutter mode shape. Future work will include examining these flutter mode shapes and its variation with ply angle, which should provide a better understanding about the phenomenon. 
Effects of Geometric Nonlinearity
The effects of geometric nonlinearities on the steady-state solution, and the variation of divergence speed with it, are calculated using the geometrically exact formulation.
First, the effect of geometric nonlinearity on Goland's typical wing is illustrated. Fig. 6 and 7 compare the variation of the ratio of total to rigid lift, and the variation of tip displacement, respectively, with the dynamic pressure obtained by the goemetrically exact theory and its linearized form. As one can see, both total lift and tip displacement are overpredicted by the linear theory, and the difference increases with the dynamic pressure. At 80% of the divergence dynamic pressure expected based on the solution about the unloaded state, there is an error of about 100% for the total lift ratio, and of more than that for the tip displacement. These point to the fact that geometrically exact theory becomes increasingly important as one increases the dynamic pressure, and, therefore, the loads. Divergence is a static instability that is calculated about a given equilibrium state. The linear approach takes the unloaded state and calculates its corresponding divergence dynamic pressure. But as the dynamic pressure increases (in the subcritical range), the wing deforms and different equilibrium positions are reached by the wing. From this loaded equilibrium position, a new critical dynamic pressure may be evaluated. Fig. 8 shows the change in the divergence dynamic pressure 8 American Institute of Aeronautics and Astronautics based on the loaded equilibrium state with the one from the unloaded state, as function of the loading level (dynamic pressure). After almost no change on the critical dynamic pressure up to 50% of the unloaded divergence dynamic pressure, the difference starts increasing and reaches more than 9% at 80% of the unloaded divergence dynamic pressure. A similar study to the one just described above was done for a composite box beam wing described before. The results are presented in Figs. 9 -11 . For this numerical test, a CAS configuration with θ = −45 is chosen. The trends are similar to the one before, but as one can see from Figs. 9 -11, the effects are more pronounced in the composite wing. This is due to the higher flexibility of the composite setup and the presence of bending-twist coupling at the constitutive-law level. Particularly, Fig. 11 shows a large increase in the divergence dynamic pressure when the loaded equilibrium state is taken into account. These results show that for a highly flexible wing, the flying load conditions and the associated equilibrium state should be taken into account in order to estimate the divergence speed. Since in most cases large displacements and rotations are involved, a nonlinear structural model is required. Some extra attention should be given to the effects of those new equilibrium position on the applicability of the aerodynamic and inflow models. This and a similar study for the nonlinear effects on the flutter speed will be presented in a later paper. 
Conclusions
Aeroelastic stability is an important factor in the design of modern flexible wing aircraft. The possibility of using material couplings in the structural tailoring process opens new frontiers to the design of a composite wing. As shown, both static and dynamic aeroelastic stability can be altered by those couplings. The present work discussed state-of-the-art analysis tools to be used in preliminary design of high-aspect ratio composite wings.
Aeroelastic analysis has been implemented for linear and nonlinear models of anisotropic closed section beams using Theodersen's function and 2-D finite-state aerodynamics. The later aerodynamic model has not been exercised for dynamic stability analysis in the present paper. Goland's typical wing is used to verify the procedure and to show the presence of some nonlinear effects even in a metalic structure. Box beam configurations with different levels of vertical bendingtwist and extension-twist couplings are used to represent composite wings. Results show the need for the use of the geometrically exact theory for aeroelastic analysis, especially for composites. Due to the complexity of the possible couplings present in the structure, special attention must be given to the cross-sectional stiffness constants used in the analysis and their effects in the aeroelastic response.
For future study, the 2-D finite-state theory will be used for dynamic analysis. This will enable the calculation of flutter speeds, real damping coefficients, effect of steady-state lift on flutter, etc.
